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Compression, spectral broadening, and collimation in multiple, femtosecond pulse
filamentation in atmosphere
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A sequence of femtosecond laser pulses propagating through atmosphere and delayed near the rotational
recurrence period of N2 can resonantly drive molecular alignment. Through the polarization density, the molecular
alignment provides an index of refraction contribution that acts as a lens copropagating with each laser pulse.
Each pulse enhances this contribution to the index, modifying the propagation of subsequent pulses. Here we
present propagation simulations of femtosecond pulse sequences in which we have implemented a self-consistent
calculation of the rotational polarization density using linearized density matrix theory. We find that a femtosecond
pulse sequence can enhance pulse compression or collimation in atmosphere. In particular, when the pulses are
delayed by exactly the rotational recurrence period, each subsequent pulse is increasingly compressed due to a
combination of spectral broadening and negative dispersion. Alternatively, when the intensity peak of each pulse
is centered on the maximum index generated by the preceding pulses, each pulse is increasingly collimated.
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I. INTRODUCTION

During filamentary propagation in atmosphere, high power
femtosecond laser pulses maintain high-energy fluence over
extended distances due to a dynamic balancing of self-focusing
and plasma refraction [1–3]. The potential for application
coupled with basic physics interest in nonlinear, multiscale
atomic and plasma phenomena has resulted in many investi-
gations into filamentation of femtosecond pulses [4–13]. The
key phenomenon associated with the extended propagation is
the nonlinear polarization of the atmospheric constituents in
the presence of the laser pulse. For propagation of infrared
laser pulses the nonlinear polarization density includes several
physical phenomena: the instantaneous electronic response,
the delayed rotational response, the plasma response including
ionization, and ionization energy damping.

The delayed rotational response of diatomic molecules
found in atmosphere, namely N2 and O2, exhibits “quantum
recurrences” due to the regular spectrum of the rotational
Hamiltonian [14–19]. This is manifested in recurrences in the
index of refraction with a period of about 8.4 and 11.6 ps for
N2 and O2, respectively, following excitation by a short laser
pulse. As a result, a second properly timed laser pulse will
experience an index of refraction composed of not only its
own enhancement to the molecular alignment but also that of
the previous pulse. The recurrence contribution to the index
has been shown to steer, focus, compress, shape, or even
enhance THz generation of a second pulse [12,20–28]. With
the exception of Zhdanovich et al. [26], who considered chiral
alignment of O2 in conditions far from atmospheric, all of
these studies have considered only two pulses.

Here we present simulations of a sequence of six high power
femtosecond laser pulses propagating through atmosphere
delayed near the full recurrence period of N2. Each pulse
in the sequence alters the molecular alignment and affects
the propagation of all subsequent pulses. Prior two-pulse
simulations [20,21,23,27] involve at least one of the following
simplifications: single atmospheric molecular specie, weak
pump or weak probe, one-dimensional propagation, or pure
multiphoton ionization. The two-dimensional simulations pre-

sented here include the individual responses of both N2 and O2,
treat all pulses as nonweak, and include the Popruzhenko et al.
(PMPB) ionization model [30], which is valid for intensities
spanning the multiphoton to tunneling regime. In addition,
we have implemented a self-consistent rotational response
model valid for an arbitrary number of pulses based on the
solution to the linearized (in intensity) rotational density matrix
equation. At a point along the propagation path, the linearized
density matrix (LDM) equation is solved numerically for every
transverse position. The resulting nonlinear index of refraction
then modifies the propagation to the next point along the path
where the density matrix is resolved with the new intensity.
The process then repeats. The density matrix solution ensures
that the rotational polarization density is accurately modeled
regardless of pulse delay or length.

This paper is organized as follows. Section II details our
propagation model and atmospheric response models used
in our simulations. In this section we describe our LDM
model for the rotational polarization density and how we
generalize the model for an arbitrary number of laser pulses.
Intensity limitations of our LDM model are also discussed.
In Sec. IV we present simulations of femtosecond pulse
sequences propagating through atmosphere. Two cases are
considered. In the first case each pulse is delayed by exactly
the rotational recurrence period of N2, while in the second
case each pulse is delayed to the peak of the rotational index
generated by previous pulses. Section V concludes the paper
with a summary of our results.

II. PROPAGATION AND ATMOSPHERIC
RESPONSE MODEL

We begin by writing the electric field and nonlinear
polarization density as an envelope modulated by a carrier
wave at frequency ω0 and axial wave number k:

E = Ê(r,z,t)ei(kz−ω0t), (1a)

PNL = P̂NL(r,z,t)ei(kz−ω0t). (1b)
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Setting k = k0[1 + δε(ω0)/2] where k0 = ω0/c and δε(ω) is
the shift in dielectric constant due to linear dispersion in
atmosphere, and transforming to the moving frame coordinate
ξ = vgt − z where vg = c[1 − δε(ω0)/2] is the group velocity
at frequency ω0, Eqs. (1a) and (1b) become

E = Ê(r,ξ,z)e−ikξ , (2a)

PNL = P̂NL(r,ξ,z)e−ikξ . (2b)

The evolution of the transverse component of the electric-field
envelope is determined by the modified paraxial equation

[
∇2

⊥ + 2
∂

∂z

(
ik − ∂

∂ξ

)
− β2

∂2

∂ξ 2

]
Ê⊥

= 4π
(

ik − ∂

∂ξ

)2

P̂NL,⊥, (3)

where β2 = ω0c(∂2k/∂ω2)|ω=ω0 accounts for group velocity
dispersion. In our simulations we use the experimentally
determined value of β2 in air, β2 = 20 fs2/m [31,32]. We note
that in deriving Eq. (3), vg/c has been approximated by unity
when it appears as a coefficient. Furthermore we have assumed
that the filament electron densities will be small enough such
that ∇ · E $ 0. From here on, the subscript ⊥ while not written
is implied.

The nonlinear polarization density can be expressed as
the sum of a free-electron contribution, P̂f , and a molecular
contribution, P̂m:

P̂NL = P̂f + P̂m. (4)

The free-electron polarization density includes the plasma
response as well as a term accounting for the pulse energy
lost during ionization. In particular the evolution of P̂f can be
written in the convenient form

(
ik − ∂

∂ξ

)2

P̂f

= 1
4π

[
ω2

p

c2
− i

8π
ω0

(
UNνNηN + UOνOηO

|Ê|2

)]

Ê, (5)

where Ua , ηa , and νa are the ionization potential, molecular
number density, and ionization rate for specie a, respectively,
ω2

p = 4πe2ηe/me, ηe is the electron number density, e is the
fundamental unit of charge, me is the electron mass, and the
subscripts N and O refer to molecular nitrogen and oxygen.
The electron density and molecular densities evolve according
to

dηe

dξ
= νNηN + νOηO, (6a)

dηa

dξ
= −νaηa, (6b)

respectively. The ionization rates are calculated via the PMPB
model [30]. In calculating νa , the values of Ua and post-
ionization atomic charge Za are adjusted from their atomic
values to match the experimental results of Talebpour et al. for
molecular ionization [33]. For nitrogen we use UN = 15.6 eV
and Z = 0.9, while for oxygen UO = 12.1 eV and Z = 0.53
[33]. We note that ionization of O2 provides the dominant
contribution to the plasma density.

The molecular contribution to the polarization density is
the product of the total nonlinear molecular susceptibility and
the electric field:

P̂m = (χelec + χrot)Ê, (7)

where χelec is the instantaneous electron susceptibility and χrot
the delayed rotational susceptibility. The electronic suscepti-
bility is given by

χelec = 1
16π2

(
ηNn2,N + ηOn2,O

ηatm

)
c|Ê|2, (8)

where ηatm = 2.6 × 1019 cm−3, ηN = 0.8ηatm, and ηO =
0.2ηatm upstream from the laser pulse, and the n2,a are the
experimental values obtained by Wahlstrand et al., namely,
n2,N = 7.4 × 10−20 cm2/W and n2,O = 9.5 × 10−20 cm2/W
[34]. Recent experiments have verified that the nonlinear
electronic response depends quadratically on the laser field
amplitude all the way to the ionization threshold [35]. The
contribution of argon, which comprises only 1% of atmosphere
by volume, has been neglected in Eq. (8).

We now present a model for rotational susceptibility based
on LDM theory that can be generalized to an arbitrary number
of pulses. Typically a simple harmonic-oscillator (SHO) model
is used for the rotational susceptibility in one-pulse simulations
[2]. In our previous work, we proposed and implemented
an extension of the SHO model for rotational recurrences
[28,29], which is a fit to the LDM model implemented here.
The LDM response model results in extended simulation
times, but prevents the accumulation of error due to repeated
use of a fit in pulse stacking simulations. While the LDM
formalism has been considered in simulations devoted solely
to the molecular response, it has not, to our knowledge,
been previously implemented self-consistently into laser-pulse
propagation simulations.

The rotational susceptibility in atmosphere is

χrot = ηN+αN

[
〈cos2 θ〉N − 1

3

]
+ ηO+αO

[
〈cos2 θ〉O − 1

3

]
,

(9)

where +αa = α‖,a − α⊥,a; α‖,a and α⊥,a are the linear po-
larizabilities along and perpendicular to the molecular bond
axis, respectively; θ is the angle between the molecular axis
and the laser electric field; and the brackets, 〈〉, represent an
ensemble average. As with the values of n2,a , the values of+αa

are those measured in the experiments of Wahlstrand et al.:
+αN = 7 × 10−25 cm3 and +αO = 1.1 × 10−24 cm3 [34].

Determination of 〈cos2 θ〉 quantum mechanically requires
solving for the evolution of the density matrix, ρ. We
write the total wave function as a superposition of spatial
functions forming a complete set, un(⇀r ), with time dependent
amplitudes, cn(t): ψ(⇀r,t) =

∑
n cn(t)un(⇀r ). An element of the

density matrix, ρmn, is defined as the ensemble average of
c∗
m(t)cn(t). The matrix evolves according to

∂ρ

∂t
= i

h̄
[ρ,H ] , (10)

where H is the Hamiltonian and [] denotes the commutator.
The diagonal elements of the density matrix represent the
probability that a molecule is in a particular rotational
state while the off diagonal elements represent interference
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between states. A spatially dependent applied potential couples
elements of the density matrix, causing transitions between
states and resulting in a transfer of probability from one state to
another. The expectation value of cos2 θ is given by 〈cos2 θ〉 =
T r[ρ cos2 θ ], where T r denotes the trace operation.

In the rigid rotor model of a linear diatomic molecule
experiencing a torque in the presence of a laser electric field,
it is useful to expand ψ in the basis of angular momentum
eigenstates. We write H as the sum of two terms, H =
H 0 + V (t). The first term, H 0 = (p2

θ + sin−2 θp2
φ)/2IM , is

the Hamiltonian for a field free rigid rotor with eigenvalues
Ej = h̄2j (j + 1)/2IM where j is the orbital quantum number
and IM is the moment of inertia. The second term, V (t) =
(α⊥ + +α cos2 θ )|Ê|2/4, is the potential associated with the
torque imparted by the laser-pulse electric field. In particular,

H = p2
θ

2IM

+ 1
sin2 θ

p2
φ

2IM

− 1
4

[α⊥ + +α cos2 θ ]|Ê|2. (11)

We expand the density matrix as ρ = ρ0 + ρ1 + ... where
the superscripts on ρ denote perturbation order. The results
of the expansion to first order are equations for ρ0 and ρ1,
namely,

∂ρ0
ab

∂t
= −iωabρ

0
ab, (12a)

∂ρ1
ab

∂t
= −iωabρ

1
ab + i

h̄
[ρ0,V ]ab, (12b)

where ωab = (Ea − Eb)/h̄, the subscripts refer to (j,m) pairs,
ρab = ρjm,j ′m′ , and m is the quantum number associated
with the z component of the angular momentum. For a
laser pulse with FWHM σ satisfying σωab + 1, one can
show that an approximate condition for convergence of the
perturbation series is σ+α|Ê|2/16h̄ < 1. In the simulations
presented below, the maximum intensity or clamping intensity,
where ionization induced refraction limits self-focusing, is
∼3 × 1013 W/cm2. Using this intensity and a FWHM of 50 fs,
we find σ+αN |Ê|2/16h̄ = 0.7. While this seems marginal,
previous experiments and nonlinear calculations demonstrate
that linear theory reasonably represents regions of transient
alignment up to σ+αN |Ê|2/16h̄ ∼ 1 [17–19]. In particular
for σ+αN |Ê|2/16h̄ = 0.7, we find the difference in the linear
alignment and nonlinear alignment to be a constant positive
offset of 5% of the maximum alignment [18,19].

Assuming the gas starts in thermodynamic equilibrium, the
zeroth-order density matrix is

ρ0
ab = δabZ

−1
p Dj exp

[
−h̄2j (j + 1)

2IMT

]
, (13)

where T is the temperature, Dj is a degeneracy factor associ-
ated with nuclear spin, and Zp is the partition function

Zp =
∑

j=0

(2j + 1)Dj exp
[
−h̄2j (j + 1)

2IMT

]
. (14)

For the simulations presented in the next section, we use a
typical atmospheric temperature of T = 294 K.

Upon working through the algebra, we find

〈cos2 θ〉 − 1
3

= +α

h̄

2
15

∑

j

j (j − 1)
2j − 1

(
ρ0

jj

2j + 1
−

ρ0
j−2,j−2

2j − 3

)

×
∫ ξ

−∞
sin

[
ωj,j−2

c
(ξ ′ − ξ )

]
|Ê|2dξ ′, (15)

where ρ0
jj =

∑
m〈m|ρ0

ab|m〉. Equation (15) is a summation
over solutions to independent, driven harmonic-oscillator
equations. The total rotational susceptibility can then be
written as a sum of contributions from each rotational quantum
state χrot(ξ ) =

∑
j χj (ξ ), where each χj satisfies a harmonic-

oscillator equation with a driving term proportional to the
intensity of the laser pulse:

[
d2

dξ 2
+ ω2

j,j−2

]
χj

=−2ρ(+α)2

15h̄
j (j−1)
2j−1

(
ρ0

jj

2j + 1
−

ρ0
j − 2,j − 2

2j − 3

)
ωj,j−2|Ê|2.

(16)

To determine the number of total angular momentum states
required for finding χrot, we define the thermal, total angular
momentum through the relationship jth(jth + 1) = 2IMT/h̄2.
For N2 and O2 at 294 K, we find jth $ 10 $ 12 respectively.
In our simulations we solve Eq. (16) for 25 j states at every
position along the propagation path and at every radial position
for both N2 and O2.

The LDM model for the susceptibility can be generalized to
an arbitrary number of laser pulses. After the first laser pulse
has passed, the solution of Eq. (16) can be found after a time
interval +t through the relationship

χj (ξ ) = cos[ωj,j−2+t]χj (τ ) + sin[ωj,j−2+t]
ωj,j−2

∂χj (τ )
∂τ

, (17)

where τ = ξ/c − +t is anytime after the first pulse but before
the second pulse. Thus given the solution at τ , the solution at
the same point in space after an interval+t is given by Eq. (17).
The total rotational susceptibility experienced by the sec-
ond pulse is then χrot,2(ξ ) =

∑
j χj,2(ξ ) +

∑
j χj,1(ξ ), where

the second subscript denotes the pulse ordering and χj,2(ξ ) is
the solution to Eq. (17) driven by the second pulse. In general,
the nth pulse experiences a rotational susceptibility of

χrot,j (ξ ) =
n∑

i=1

∑

j

χj,n(ξ ). (18)

Thus, in order to find the susceptibility experienced by the nth
laser pulse we record the intensity profile of the subsequent
pulses and numerically solve Eqs. (16) and (17).

III. SIMULATION RESULTS

We simulate the evolution of a sequence of six laser
pulses by solving Eq. (3) in azimuthally symmetric cylindrical
coordinates, with the susceptibilities defined in Sec. II. The
propagation of the laser pulses is simulated over a distance of
5.5 m starting from a focusing lens with a 3-m focal length
and f# = 590. The initial transverse profile of each pulse
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FIG. 1. (Color online) On-axis rotational susceptibility immedi-
ately after the lens as a function of time for two different sets of
delays. The pulses in the sequence, with temporal FWHM plotted to
scale, are discernible as the black lines. In the top plot each pulse is
delayed by exactly the N2 recurrence period, while in the bottom plot
each pulse is delayed to the peak in susceptibility generated by the
previous pulses.

is Gaussian with an initial spot radius (e−1 of the field) of
0.26 cm and a vacuum focal spot radius of 300 µm. The initial
longitudinal intensity profile is sin4(πξ/σ ) for 0 < ξ < σ ,
with σ = 139 fs. The corresponding FWHM is σFWHM $
0.36 σ or 50 fs. To evaluate the rotational susceptibility
generated by previous pulses, we record the intensity profile of
each pulse in both the r and ξ coordinates every 1.16 cm along
the entire propagation path. The recorded intensity is then
interpolated to the position of the current pulse for evaluating
Eqs. (16) and (17). The resulting susceptibility is then used in
Eq. (3) for evolving the current pulse.

We consider two cases: one in which each laser pulse is
delayed by a full recurrence period of N2 and the other in
which each laser pulse is delayed to the maximum rotational
index generated by the previous pulses right after the focusing
lens. Figure 1 depicts the on-axis susceptibility resulting from
density matrix theory as a function of ξ at a longitudinal
position immediately after the lens for a sequence of six
2-mJ pulses. The positions of the laser pulses with accurate
widths are plotted in black for reference. For the full recurrence
delay the pulses resonantly drive the molecules into alignment
with each subsequent pulse providing additional alignment.
For the peak delay the pulses do not drive the molecules in
phase, resulting in less overall alignment. As we will see, both
situations result in significantly different laser-pulse evolution.
We note that a region of negative susceptibility precedes the
full recurrence while a region of positive susceptibility follows
the recurrence. Figure 2 plots the delays used in the simulation
relative to the full nitrogen recurrence periods.

A. Full N2 recurrence delay

We first consider the propagation characteristics of pulses
delayed by a full N2 recurrence period. Each pulse sits at

2nd 3rd 4th 5th 6th

pulse number

de
la

y 
(p

s)

0.0

0.32

FIG. 2. (Color online) Delays used in our simulations with respect
to a full N2 recurrence period.

exactly the zero crossing of the rotational alignment generated
by the preceding pulses. Thus the front of the pulse will
experience a negative index and the back of the pulse a positive
index. Figure 3 shows the accumulated on-axis electron
density generated after the first and sixth pulses as a function
of propagation distance. In Fig. 3(a) each pulse has 2 mJ
of energy. Only the first pulse contributes significantly to
the electron density. The refraction of each pulse from the
electron density can be observed in the fluence shown in
Fig. 4 for the 2-mJ pulse sequence. For clarity, the fluence is
normalized by the maximum at each longitudinal position. The
first pulse self-focuses, collimates, and ultimately diffracts.
The subsequent pulses self-focus, refract from the plasma
generated predominately by the first pulse, refocus, and finally
refract. During both refraction stages, the later pulses refract
more strongly than the earlier pulses but experience similar
electron-density profiles.
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FIG. 3. (Color online) Accumulated on-axis electron density as a
function of distance from focus following the first and sixth pulses.
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FIG. 4. (Color online) Energy fluence as a function of radius and
distance from focus for each pulse. For clarity the fluence has been
normalized by the maximum at each longitudinal position.

To explain the additional refraction we consider the motion
of the longitudinal centroid of the laser pulse defined as
follows:

〈ξ (z)〉 =
∫
ξ |E|2dξd2r∫
|E|2dξd2r

. (19)

Figure 5(a) depicts 〈ξ〉 for the second and sixth pulses as a
function of propagation distance. The centroid of both pulses
initially slides backwards due to the nonlinear group velocity
being less than the linear group velocity. The group velocity
of both pulses then increases and the centroids move forward.
The increase in group velocity results from a combination of
spectral red-shifting and negative dispersion. As the pulses
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FIG. 5. (Color online) (a) Temporal location of the centroid in the
moving frame relative to its initial location for the second and sixth
pulses. (b) Differential susceptibility experienced by the centroid of
the second and sixth pulses. (c) Nonlinear susceptibility including the
plasma contribution experienced by the centroid of the second and
sixth pulses.

focus, their intensity increases, enhancing the molecular
alignment. In addition to their self-generated alignment, the
later pulses will experience the enhanced molecular alignment
from earlier pulses. The enhanced molecular alignment leads
to a larger index of refraction gradient causing spectral red-
shifting through the relationship

∂

∂z

(
δλ

λ0

)
$ 2π

∂χ

∂ξ
. (20)

Figure 5(b) shows the radially averaged gradient of the total
susceptibility, including the plasma contribution, experienced
by the centroid as a function of propagation distance. At the
peak of the susceptibility gradient the pulses are strongly
red-shifted, increasing their group velocity. The enhanced
susceptibility from the previous pulses results in the sixth
pulse having a larger group velocity than the second. As
the pulses speed up, they move forward with respect to the
alignment recurrence into the region of negative index. This
lower index causes the pulses to refract as seen in Fig. 4. The
later pulses refract more strongly for two reasons: their higher
group velocity moves them further into the negative index
region, and the index in this region is more negative from
the contribution of the preceding pulses. Figure 5(c) shows
the total radially averaged susceptibility experienced by the
centroids. As expected the sixth pulse experiences a lower
nonlinear index than the second pulse and thus refracts more
strongly.

While the enhanced red-shifting and negative dispersion
cause the later pulses to refract more strongly, they also result
in significant longitudinal compression. In Fig. 6, the radially
averaged intensity profiles normalized by the maximum after
5.5 m of propagation are plotted. The initial FWHM is plotted
for reference. Each pulse is longitudinally compressed to a
greater extent than the pulse before it. As discussed in the above
paragraph the centroid of each subsequent pulse is further
ahead in the moving frame. The bottom plot shows the full

pulse 1 pulse 2 pulse 3

pulse 4 pulse 5 pulse 6
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ed
 in
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ity
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F
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 (
fs

)

0.0

80

1st 2nd 3rd 4th 5th 6th

Pulse Number

FIG. 6. (Color online) On top the radially averaged longitudinal
profiles of each pulse plotted as a function of moving frame coordinate
after 5.5 m of propagation. On bottom the FWHM as a function of
pulse number is displayed. A line for the initial FWHM is included
for reference.
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FIG. 7. (Color online) The radially averaged spectrum of the
second and sixth pulses after 5.5 m of propagation. The initial
spectrum for both pulses is plotted for reference.

width half maximum (FWHM) of each pulse. In our previous
work with slightly lower energy and longer pulses, Ref. [29],
a second pulse delayed by exactly the recurrence period was
not observably compressed or spectrally broadened; it only
appeared shortened due to spatial filtering. Pulse compression
results from negative dispersion and a positive index gradient
in the pulse frame due to the index recurrence. If the molecular
alignment is weak, the gradient is small, and red-shifting
and hence compression are minimal. In Ref. [29], the index
gradient experienced by the second pulse was not large enough
to result in compression. Similarly, for our current parameters
the second pulse is not significantly compressed as seen in
Fig. 6. Because each additional pulse enhances the alignment,
each subsequent pulse experiences a larger index gradient, and
is increasingly compressed. As to be expected, the longitudinal
compression is accompanied by spectral broadening. Figure 7
displays the laser-pulse spectrum averaged over radius after
5.5 m of propagation for the second and sixth pulses. The
initial spectrum of both pulses is also plotted for reference. In
addition to the red-shift of the spectral peak, the bandwidth of
the second and sixth pulses has increased by a factor of 3 and
4.8, respectively.

B. Peak delay

We now consider the evolution of pulses delayed to the peak
of the rotational alignment generated by the previous pulses.
Each pulse initially experiences a positive index throughout
its duration and copropagates with the molecular alignment
recurrence. Figure 2 plots the actual delays relative to the
full recurrence time. The pulses are delayed by more than
100 fs from the full recurrence period of 8.38 ps. Figure 8
displays the accumulated on-axis electron-density profile after
each pulse. As opposed to delaying to the full recurrence, each
pulse contributes significantly to the electron density.

For a single pulse, refraction results from the plasma and
molecular nonlinearities differing in their transverse extent.
The molecular nonlinearities have the same transverse profile
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FIG. 8. (Color online) Accumulated electron density as a function
of distance from vacuum focus for each pulse.

as the pulse intensity with a width of approximately the
spot size. In the multiphoton ionization regime for O2, the
plasma nonlinearity has a transverse width of approximately
one fourth the spot size (the ionization rate is ∝|Ê|16). As the
pulse focuses and ionizes, the plasma contributes a negative
index localized at the center of the pulse. The transverse index
profile has minimum on axis, increases out to some radius,
then decreases to zero. The positive transverse gradient in
index results in refraction.

With multiple pulses delayed to the peak of the rotational
alignment, the recurrence contribution reduces the transverse
index gradient experienced by the second to sixth pulses.
As a result, these pulses focus strongly enough to further
ionize the air as opposed to refracting from the plasma
generated by earlier pulses. When the later pulses ionize,
a newly formed transverse index gradient develops due to
the additional plasma. The pulses then refract, their intensity
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FIG. 9. (Color online) Energy fluence as a function of radius and
distance from focus for each pulse. For clarity the fluence has been
normalized by the maximum at each longitudinal position.
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drops, and ionization terminates. As discussed below, this
process can repeat for each pulse. After ionization terminates
the positive recurrence contribution that has accumulated with
each additional pulse reduces diffraction. The positive index
of the rotational recurrence acts as a travelling lens that helps
collimate each pulse.

The increased collimation is observed in Fig. 9, which
shows the fluence of each pulse normalized by the maximum
at each longitudinal position. Several cycles of focusing and
refraction can be discerned in Fig. 9 with each focusing point
corresponding to a peak in the density shown in Fig. 8. After
ionization the positive index limits diffraction and the pulses
maintain a narrow spot. From Fig. 8 we see that the additional
plasma generated by the nth pulse is less than that generated
by the (n− 1)th pulse. As a result, in addition to being a
narrower spot, the later pulses contain more energy after 5.5
m of propagation: The second and sixth pulses have 1.1 and
1.4 mJ, respectively.

IV. SUMMARY AND CONCLUSIONS

We have investigated the atmospheric propagation of a
sequence of six femtosecond laser pulses delayed near the rota-
tional recurrence period of N2. To model the recurrences in the
molecular alignment, we have implemented a self-consistent
density matrix model for the rotational contribution to the
polarization density. Each pulse in the sequence experiences
its own enhancement to the molecular alignment as well as
the contribution from all preceding pulses. In addition to
the molecular polarization density, the nonlinear index of
refraction includes contributions from the instantaneous elec-
tronic response, the plasma response where the nonlinearity
shows up through the intensity dependence of the ionization
rate, and ionization energy damping. All parameters in the

nonlinear polarization are based on up-to-date experimental
measurements.

Propagation simulations were conducted for two sets of
delays: pulses delayed by exactly one N2 recurrence period and
pulses delayed to the peak in molecular alignment generated
by the preceding pulses. In the first situation, only the first
pulse contributed significantly to the plasma density. Although
the pulses encountered a similar plasma density profile during
propagation, each subsequent pulse refracted more strongly.
As the pulses copropagated with the susceptibility gradient
from the molecular alignment, they red-shifted, increasing
the group velocity. The increase in group velocity resulted in
the pulses moving forward into the negative index region of the
molecular recurrence, causing additional refraction. This same
process resulted in each subsequent pulse being increasingly
compressed: the bandwidth of the sixth pulse had increased by
nearly a factor of 5 over 5.5 m of propagation.

When the pulses were delayed to the peak of the rotational
index, ionization by each pulse contributed to the electron
density. The increase in plasma, however, did not result in
an increase in refraction. On the contrary, each pulse was
increasingly collimated. The rotational index, which was
greater for each subsequent pulse, acted as a travelling lens,
keeping the pulses focused. In addition to a tighter focus, the
nth pulse contained more energy than the (n − 1)th after 5.5 m
of propagation. These simulations demonstrate that properly
timing the delays in femtosecond pulse sequences can provide
compression and spectral broadening or increased collimation.
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